We study coherence and entanglement properties of the state space of a composite bi-fermion (two electrons pierced by λ magnetic flux lines) at one Landau site of a bilayer quantum Hall system. In particular, interlayer imbalance and entanglement (and its fluctuations) are analyzed for a set of U (4) coherent (quasiclassical ) states generalizing the standard pseudospin U (2) coherent states for the spin-frozen case. The interplay between spin and pseudospin degrees of freedom opens new possibilities with regard to the spin-frozen case. Actually, spin degrees of freedom make interlayer entanglement more effective and robust under perturbations than in the spin-frozen situation, mainly for a large number of flux quanta λ.
I. INTRODUCTION
Quantum Hall Effect (QHE) keeps catching researchers' attention owing to its peculiar features mainly related to quantum coherence and the emergence of a new class of particles called "composite fermions", due to collective behavior shared with superconductivity and Bose-Einstein condensation phenomena. In fact, the physics of the bilayer quantum Hall (BLQH) systems, made by trapping electrons in two thin layers at the interface of semiconductors, is quite rich owing to unique effects originating in the intralayer and interlayer coherence developed by the interplay between the spin and the layer (pseudospin) degrees of freedom. For example, the presence of interlayer coherence in bilayer quantum Hall states has been examined by magnetotransport experiments [1] , where electrons are transferable between the two layers by applying bias voltages and the interlayer phase difference is tuned by tilting the sample. Also, anomalous (Josephson-like) tunneling current between the two layers at zero bias voltage were predicted in Refs. [2] [3] [4] , whose first experimental indication was obtained in Ref. [5] . Spin and pseudospin quantum degrees of freedom are correlated in BLQH systems and entanglement properties have also been studied in, for example, Refs. [6] [7] [8] . An appropriate description of quantum correlations is of great relevance in quantum computation and information theory, a field which has also attracted a huge degree of attention. Actually, one can find quantum computation proposals using BLQH systems in, for example, [9] [10] [11] . In this article we also address the interesting problem of quantum coherence and entanglement in BLQH systems at fractions of ν = 2.
In the BLQH system, one Landau site can accommodate four isospin states |b ↑ , |b ↓ , |a ↑ and |a ↓ in the lowest Landau level, where |b ↑ (resp. |a ↓ ) means that the electron is in the bottom layer "b" (resp. top layer "a") and its spin is up (resp. down), and so on. Therefore, the underlying group structure in each Landau level of the BLQH system is enlarged from spin symmetry U (2) to isospin symmetry U (4). The driving force of quantum coherence is the Coulomb exchange interaction, which is described by an anisotropic U (4) nonlinear sigma model in BLQH systems [12, 13] . Actually, it is the interlayer exchange interaction which develops the interlayer coherence. The lightest topological charged excitation in the BLQH system is a (complex projective) CP 3 = U (4)/[U (1) × U (3)] skyrmion for filling factor ν = 1 and a (complex Grassmannian) G (2)] bi-skyrmion (two CP 3 skyrmions carrying total charge 2e) for filling factor ν = 2. The Coulomb exchange interaction for this last case is described by a Grassmannian G 2 (from now on, we ommit the superscript in G 4 2 ) sigma model and the dynamical field is a Grassmannian field Z = z µ σ µ [14] (σ µ denote Pauli matrices plus identity) carrying four complex field degrees of freedom z µ ∈ C, µ = 0, 1, 2, 3 (see later on Sec. II). Also, the parameter space characterizing the SU (4)-invariant ground state in the BLQH system at ν = 2 is precisely G 2 [15] . Two electrons in one Landau site must form an antisymmetric state due to Pauli exclusion principle and this leads to a 6-dimensional irreducible representation of SU (4), which is usually divided into spin and pseudospin sectors. The composite-fermion field theory [16, 17] and experiments reveal the existence of new fractional QH states in the bilayer system [2] . For fractional values of the filling factor, ν = 2/λ, the composite fermion interpretation is that of two electrons pierced by λ magnetic flux lines. The mathematical structure of the d λ -dimensional (5) Hilbert space H λ (G 2 ) for two composite fermions in one Landau site has been studied in a recent article [18] by us, where we have also constructed a set of coherent states (CS) labeled by points of G 2 . For λ odd, wave functions are antisymmetric (composite fermions) and for λ even, wave functions are symmetric (composite bosons), see later on eq. (16) . Now we want to analyze some physical properties of these "quasiclassical" states, like interlayer imbalance, entanglement and their fluctuations, comparing them with the simpler spin-frozen case, to evaluate the effect played by spin and extra U (4) isospin operators. In particular, we observe that the number λ of flux lines, for filling factor ν = 2/λ, affects non-trivially the interlayer entanglement of CS.
The paper is organized as follows. Section II is devoted to a brief exposition of the operators (spin, pseudospin, etc.) and the structure of the Hilbert space H λ (G 2 ) of two electrons, at one Landau site of the lowest Landau level, pierced by λ magnetic flux lines. For this purpose, in Subsec. II A we introduce an oscillator realization of the U (4) Lie algebra in terms of eight boson creation, a † µ , b † µ , and annihilation, a µ , b µ , µ = 0, 1, 2, 3, operators. Then an orthonormal basis of H λ (G 2 ), in terms of Fock states, is explicitly constructed in Subsec. II B, and a set of CS {Z}, labeled by points Z ∈ G 2 , is built in Subsec. II C as definite superpositions of the basis states which remind Bose-Einstein condensates. The well known spin-frozen U (2) case is treated in parallel to better appreciate the similitudes and differences between them. We have tried to be as self-contained as possible, although the reader can find much more information on the mathematical structure of the state space H λ (G 2 ) in [18] . In Section III we analyze interlayer imbalance and its fluctuations in a general U (4)/U (2) 2 coherent state |Z , which generalizes the interlayer imbalance of a pseudospin U (2)/U (1) 2 coherent state, recovering the spinfrozen situation as a particular case. In Section IV we examine the interesting problem of interlayer entanglement for basis and coherent states, accessed through the calculation of the purity (and its fluctuations) of the reduced density matrix to one of the layers. We find out that that spin degrees of freedom play a role in the interlayer entanglement by, for example, making it more robust than in the spin-frozen case. Section V is devoted to conclusions and outlook.
II. U(4) OPERATORS AND HILBERT SPACE

A. Boson realization in Fock space
Bilayer quantum Hall (BLQH) systems underlie an isospin U (4) symmetry. In order to emphasize the spin SU (2) symmetry in the, let us say, bottom (b or pseudospin −1/2) and top (a or pseudospin 1/2) layers, it is customary to denote the U (4) generators in the four-dimensional fundamental representation by τ µν ≡ σ µ ⊗ σ ν , µ, ν = 0, 1, 2, 3, where σ µ , µ = 1, 2, 3, denote the usual three Pauli matrices and σ 0 is the 2 × 2 identity matrix. The pseudospin rotates when particles are transfered from one layer to the other.
In a previous article [18] , we studied an oscillator representation
of the 4 × 4 matrix generators τ µν , in terms of eight bosonic modes arranged as
The operator (a
creates a flux quanta attached to the first [resp. second] electron with spin down [resp. up] at layer a [resp. b], and so on. We shall use the more compact notation a µ , b µ , µ = 0, 1, 2, 3, and just remember that even and odd quanta are attached to the first and second electrons, respectively. Note that the modes µ = {0, 1} (resp. µ = {2, 3}) are related to spin up (resp. down) in layer b and viceversa in layer a; this is due to an inherent conjugated response of spin in each layer under U (4) rotations [see later in paragraph before eq. (13)].
It will be instructive to consider the simpler spin-frozen case in parallel. In fact, the representation (1) resembles the usual Schwinger representation
for U (2) pseudospin operators P µ in terms of (only) two bosonic modes
† b the total number of quanta operator, which is fixed to N = 2s with s the pseudospin.
The U (4) analogue of the previous U (2) constraint adopts the form
, where I 2 denotes the 2 × 2 identity operator. In particular, the linear Casimir operator
viding the total number of quanta, is fixed to 2λ, λ ∈ N. We also identify the interlayer imbalance operator
which measures the excess of quanta between layers a and b. In the BLQH literature (see e.g. [13] ) it is customary to denote the total spin S j = T 0j /2 and pseudospin P j = T j0 /2, together with the remaining 9 isospin R kj = T jk /2 operators.
It is clear that (1) defines a unitary bosonic representation of the U (4) matrix generators τ µν in the Fock space expanded by orthonormal basis states n 0 a n 1 a n 2 a n 3 a a
where |0 denotes the Fock vacuum and n µ ℓ the occupancy numbers of layers ℓ = a, b and modes µ = 0, 1, 2, 3. The fact that the total number of quanta is constrained to In reference [18] we have obtained the carrier Hilbert space H λ (G 2 ) of a
dimensional irreducible representation of U (4) spanned by the set of orthonormal basis vectors
This is the SU (4) analogue of the standard SU (2) angular momentum orthonormal basis {|k , k = −s, . . . , s} for spin s (we are omitting the labels s and λ from the basis vectors for the sake of brevity), whose usual expression in terms of Fock states for the Schwinger representation is
with |0 the Fock vacuum. We have made use of the monomials ϕ k (z) = 2s s+q 1/2 z s+k as a useful notation to generalize (7) in a natural way for a Fock space representation of the basis functions | j,m qa,q b of H λ (G 2 ) later in eq. (12) . Indeed, in Ref. [18] we have found that the set of homogeneous polynomials of degree 2j + 2m [19] for a general 2 × 2 complex matrix Z and angular momentum j] verifies the closure relation: 
This is the SU (4) version of the more familiar SU (2) closure relation
for the orthonormal basis functions {ϕ k (z) = 2s s+q 1/2 z s+k } of a (2s + 1)-dimensional representation of SU (2) in the Hilbert space of analytic square-integrable complex functions on the sphere S 2 = U (2)/U (1) 2 with integration measure
The coordinate z = tan(θ/2)e −iφ is the stereographic projection of a point (θ, φ) (polar and azimuthal angles) of the unit sphere onto the complex plane. When discussing interlayer coherence, it is customary to use the notation (see e.g. [13] With this information, and treating ϕ j,m qa,q b as polynomial creation and annihilation operator functions [like the monomials ϕ k in (7)], we have found in Ref. [18] that the set of orthonormal basis vectors (6) can be obtained in terms of Fock states (4) as
This is the SU (4) version of eq. (7) for the (pseudo) spins basis states |k of SU (2), with the role of the (pseudo) spin s played now by λ. The states |k could be considered the spin-frozen version of | j,m qa,q b in the bilayer system. The spin-frozen case, being a simplification, does not capture the full essence of the bilayer system. Actually, we shall see in Sec. IV that whereas the state |k is a direct product and does not entangle layers a and b, the state | j,m qa,q b does entangle both layers for angular momentum j = 0. This is better seen when we define the set of states for layer a (idem for layer b)
and realize that it constitutes an orthonormal set for this layer, that is
With this notation, the expression (12) reads
for the orthonormal basis vectors (6) of H λ (G 2 ), which also fulfill a resolution of the identity 
This irreducible representation arises in the ClebschGordan decomposition of a tensor product of 2 fourdimensional (elementary) representations of U (4)
and corresponds to the totally antisymmetric case. It agrees with the fact that two electrons in one Landau site must form an antisymmetric state due to Pauli exclusion principle. The d 1 = 6-dimensional irrep of SU (4) is usually divided into two sectors (see e.g. [13] ): the spin sector with spin-triplet pseudospin-singlet states
and the ppin sector with pseudospin-triplet spin-singlet states
For arbitrary λ, the Young tableau of the corresponding d λ -dimensional irrep is made of two rows of λ boxes each. We can think of the following "composite bifermion" picture (following Jain's image [17] ) to physically explain the dimension (5) of the Hilbert space H λ (G 2 ). We have two electrons attached to λ flux quanta each. The first electron can occupy any of the four isospin states |b ↑ , |b ↓ , |a ↑ and |a ↓ at one Landau site of the lowest Landau level. Therefore, there are 4+λ−1 λ ways of distributing λ quanta among these four states. Due to the Pauli exclusion principle, there are only three states left for the second electron and 3+λ−1 λ ways of distributing λ quanta among these three states. However, some of the previous configurations must be identified since both electrons are indistinguishable and λ pairs of quanta adopt 2+λ−1 λ equivalent configurations. In total, there are
ways to distribute 2λ flux quanta among two identical electrons in four states, which turns out to coincide with the dimension d λ in (5) ways of piercing the first and second electron, respectively. Indistinguishability identifies λ+1 λ of these possible configurations, rendering again d λ ways to pierce the two electrons with λ flux lines.
Concerning the quantum statistics of our states for a given number λ of flux lines, one can see that whereas the orthonormal basis functions (12) are antisymmetric (fermionic character) under the interchange of the two electrons for λ odd, they are symmetric (bosonic character) for λ even. Indeed, under the interchange of columns in [interchange of electrons in (2)]
2j for any q = −j, . . . , j and doing some algebraic manipulations, one arrives to the identity
where the left-hand side vector is constructed as in (12) but replacing a † and b † by a † and b † , respectively, that is, interchanging both electrons.
Before finishing this subsection, we would like to give the relation between the quantum numbers (λ, j, m, q a , q b ) of the basis states | 
which states that the total number of "even" (µ = 0, 2) and "odd" (µ = 1, 3) flux quanta in both layers must be balanced. That is, both electrons carry λ flux quanta. Another interesting relation is
which says that the "spin third component quantum number" q b measures the imbalance between µ = {0, 1} (2), the difference in sign is due to the conjugate response of layers a and b under U (4) rotations (see Ref. [18] for more details). Note that the λ flux quanta affect the total angular momentum j of the two-electrons' system, which ranges from 2j = 0, . . . , λ.
C. Coherent states on U (4)/U (2) 2 Coherent states (CS) are often said to be the most classical of all states of a dynamical quantum system. For the harmonic oscillator, they saturate the uncertainty principle lower-bound. CS also accurately describe the physical properties of many macroscopic quantum systems like Bose-Einstein condensates, superconductors, etc.
Connected to the BLQH systems, CS |Z on the eightdimensional Grassmannian G 2 have been discussed in Ref. [18] . They are labeled by a 2 × 2 complex matrix Z = z µ σ µ (sum on µ = 0, 1, 2, 3), with four complex coordinates z µ = tr(Zσ µ )/2, and can be expanded in terms of the orthonormal basis vectors (15) as
(17) Denoting byǎ = 
with |0 the Fock vacuum. CS on G 2 are normalized, Z|Z = 1, but they do not constitute an orthogonal set since they have a non-zero (in general) overlap given by
However, using orthogonality properties of the homogeneous polynomials ϕ j,m qa,q b (Z), it is direct to prove that CS (17) fulfill the resolution of unity
It is interesting to compare the U (4)/U (2)
2 CS of eq. (17) with the U (2)/U (1) 2 (spin-frozen) case, for which the pseudospin-s CS are
with CS overlap
and the resolution of the identity
with dµ(z,z) = (1 + |z| 2 ) 2s dµ s (z,z) [see eq. (11)]. We perceive a similar structure between G 2 = U (4)/U (2) 2 and S 2 = U (2)/U (1) 2 CS, although the case U (4)/U (2) 2 is more involved. For Z = 0 we recover the lowest-weight state
with all 2λ flux quanta occupying the bottom layer b. For Z → ∞ we recover the highest-weight state
with all 2λ flux quanta occupying the top layer a.
To finish this section, let us provide yet another expression of the CS |Z in (17), now as an exponential of interlayer ladder operators T ±µ = (T 1µ ± iT 2µ )/2. Let us denote by T + ≡ T +µ σ µ = 2ǎ †b . The CS |Z in (17) and (18) can be written as the exponential action on the lowest-weight state
This is the U (4) version of the more familiar U (2) (spin frozen) expression |z = e zP + (1+|z| 2 ) s | − s . In fact, for µ = 0 we have that T +0 = (T 10 + iT 20 )/2 = P x + iP y = 2P + , according to the usual notation in the literature [13] introduced in paragraph before eq. (4). A particular experimental way to generate these CS is through the natural tunneling interaction arising when both layers are placed close enough and electrons hop between them.
III. INTERLAYER COHERENCE AND IMBALANCE FLUCTUATIONS
Standard (harmonic oscillator) CS exhibit Poissonian number statistics for the probability of finding n bosons, so that standard deviation ∆n is large. These large fluctuations of the occupation number are typical in superfluid phases. Here we shall compute the mean value P z and variance ∆P z of the interlayer imbalance operator P z = T 30 /2 (pseudospin third component) in a G 2 -CS |Z . Taking into account that the basis state | j,m qa,q b is an eigenstate of P z with eigenvalue (2j + 2m − λ), we arrive to the following expression for its mean value in the CS (17):
Note that, since det(σ 0 +Z † Z) = 1+tr(Z † Z)+det(Z † Z), the mean value P z is only a function of the two U (2)
Instead of d and t, we shall use other parametrization adapted to the decomposition
where V a , V b ∈ SU (2) are rotations, and r ± ∈ [0, ∞) and ϑ ± ∈ [0, 2π) are polar coordinates. Taking into account that d = r 
In the same way, we can compute the imbalance variance "per flux quanta", which results in
= r (
Note that I and ∆I are independent of λ, since the mean value P z scales with λ and its uncertainty ∆P z scales with λ 1/2 . Note also that I and ∆I verify the following inversion invariance
(29) In Figure 1 we represent the imbalance I and its standard deviation ∆I as a function of r ± . We see that I is an increasing function of r ± and takes its values in the interval [−1, 1]. Balanced coherent configurations (I = 0) occur on the hyperbola r + r − = 1. The behavior of ∆I is a bit more complex. The global maximum of ∆I occurs at r + = r − = 1, where the deviation attains the value 1/ √ 2. For high values of r ± the deviation ∆I tends to zero except for two particular trajectories. To better appreciate this fact, we use polar coordinates r + = r cos θ and r − = r sin θ, with r ∈ [0, ∞) and θ ∈ [0, π/2]. The expression θ ± (r) = θ ± r gives two singular trajectories in the (r, θ) plane for which fluctuations are always nonzero and tend to ∆I = 1/2 when r → ∞. Both local maxima are narrower and narrower (see Figure 3) , with θ − r → 0 and θ + r → π/2 as as r → ∞. We also have θ
Looking for a physical interpretation and implementation of interlayer coherence and imbalance fluctuations, let us consider the case Z = z 0 σ 0 + z 3 σ 3 , for which r + = |z 0 + z 3 | and r − = |z 0 − z 3 |, and the polar angle is then θ = arctan(|z 0 − z 3 |/|z 0 + z 3 |). According to expression (24) , this CS can be generated by the operators T ±0 and T ±3 or, equivalently, by P x , P y and R zx , R zy introduced in subsection II A to compare with the notation of standard textbooks like [13] . The operators P x and P x produce the typical tunneling interaction present in the spin-frozen Hamiltonian of the bilayer system. Here we have extra isospin operators R zx and R zy to play with to create interlayer coherence and imbalance. Actually, the peculiar situation described by the equation (30) takes place when tunneling interaction strengths z 0 and z 3 of P x and R zx , respectively, verify tan θ
For r ≤ 2, maximum imbalance fluctuations occur when r + = r − , for example when z 3 = 0 (i.e. when the interaction R zy is switched off) whereas for r ≫ 2 maximum imbalance fluctuations require both tunneling interactions to be slightly "out of tune", that is, when the corresponding tunneling interaction strengths z 0 and z 3 fulfill z 0 ≈ ±z 3 . It would be worth to experimentally explore these situations.
To finish this section, let us see how we can recover the spin-frozen magnitudes as a particular case of the general spinning case. In fact, this happens for the diagonal case r + = r − = r 0 , which corresponds to Z = z 0 σ 0 with r 0 = |z 0 |. CS are just created by the tunneling interaction generated by P x,y , discarding the extra U (4) isospin generators R jk . The imbalance and its standard deviation for this case are
In Figure 4 we represent I and ∆I as a function of r 0 . We see that the imbalance I is −1 at r 0 = 0, for which the CS is (22) , that is, all quanta in the bottom layer b. The imbalance I is 0 at r 0 = 1 (the balanced case) and I → 1 when r 0 → ∞, for which the CS is (23) , that is, all quanta in the top layer a. The variance ∆I is maximum at r 0 = 1, with ∆I(1) = 1/ √ 2, and tends to zero at r 0 = 0 and when r 0 → ∞. This again indicates that the largest fluctuations occur at r 0 = 1. As anticipated in eq. (29), both I and ∆I are invariant under inversion, namely I(r 0 ) = −I(1/r 0 ) and ∆I(r 0 ) = ∆I(1/r 0 ), the point r 0 = 1 being a fixed point.
To finish this Section, let us see how the particular case (31) recovers the spin-frozen case with operators (3) written in terms of just two bosonic modes a and b. Taking into acount that the pseudospin SU (2) basis states |k in (7) are eigenstates of P z , namely P z |k = k|k , one can easily compute the (spin-frozen) imbalance ι and its fluctuations ∆ι in a SU (2) CS (21) as
These quantities coincide with I and ∆I in (31) when we identify r 0 = |z| and the pseudospin s playing the role of λ. We have also used the standard parametrization z = e iϑ/2 √ 1 + σ/ √ 1 − σ for which the imbalance ι is directly σ (see e.g. [13] ). Note that the spinning case provides more degrees of freedom than the spin-frozen case to play with, since we have extra isospin operators in u(4) to create interlayer imbalance. Actually, other isospin CS mean values T µν , like the aforementioned interlayer phase difference Θ(Z) = arctan P y / P x , will depend on more that two CS parameters z µ . These cases deserve a separate study and will not be treated here.
We expect many more interesting physical phenomena at the previous critical points. Actually, let us see that maximum interlayer entanglement also occurs at r 0 = 1 for a CS |Z .
IV. INTERLAYER ENTANGLEMENT
Let us consider in H λ (G 2 ) the bipartite quantum system given by layers a and b. Let us firstly show that, contrary to the (direct product) basis states (7) | the density matrix and by ρ a = tr b (ρ) the reduced density matrix of layer a, the purity of ρ a is then tr(ρ 
Using again the orthonormality relations (14), we finally arrive to tr(ρ 2 a ) = 1/(2j + 1). Therefore, for high angular momentum, j ≫ 1, the basis state | j,m qa,q b is highly entangled (almost zero purity).
Secondly, we shall study the interlayer entanglement of a CS |Z . Taking the partial trace tr a (̺) of ̺ = |Z Z| gives the RDM for layer b
Using the orthonormality relations (14) for layer b, the purity can be finally written as
where we have defined the normalized probabilities . Then the purity can be written as the average value
with j the eigenvalue of J with eigenvector | j,m qa,q b
. From this point of view, we can also quantify purity fluctuations by defining the purity standard deviation as
(38) Using Wigner matrix properties like
[with odd[n] = ((−1) n+1 + 1)/2], purity can be written only in terms of the U (2) 2 invariants (trace and determinant) as
with C λ n,k certain coefficients. For example, for λ = 1 we have simply:
Adopting the decomposition (26) of a matrix Z, the CS purity P λ = tr(̺ 2 b ) for general λ can be written as a function of r + and r − of the form Purity has the following invariant inversion property Figure 5 represents the CS purity P λ and its standard deviation ∆P λ for λ = 1 as a function of r ± . Purity is minimum at r ± = 1 (maximum interlayer entanglemet). One can also see that there is no interlayer entanglement (purity P λ = 1) for r ± = 0 [with CS (22) ] and when r ± → ∞ [with CS (23) ], except when r + · r − = 0, for which purity tends to P λ = 1/(λ + 1) when r ± → ∞. There are other two particular trajectories in the r ± plane for which there is always interlayer entanglement. To better appreciate this fact, we also represent in Figure 6 the purity and its standard deviation for λ = 1 as a function of r = r 2 + + r 2 − and θ = arctan(r − /r + ). For r > 1.55 and λ = 1 the purity P λ displays two local minima (for (42) The expression θ ± (r) = θ ± r gives two singular trajectories in the (r, θ) plane for which the CS |Z remains always entangled. In fact, purity tends to P 1 = 1/3 when r → ∞ on these two trajectories. Both local minima are narrower and narrower, with θ − r → 0 and θ + r → π/2 when r → ∞. Purity fluctuations ∆P λ are also high around these two trajectories, as can be appreciated in Figure 6 (bottom panel). See Figure 7 for a plot of three sections, r = 2, 4 and r = 8, of P 1 as a function of θ. The situation here is similar to the one depicted in Figure 3 for the imbalance standard deviation.
Let us also examine the particular (diagonal) case
(Color online) Purity P λ , for λ = 1, as a function of the polar angle θ = arctan(r−/r+) for r = 2 (solid line) r = 4 (dotted blue) and r = 8 (dashed red). The points θ ± r denote local minima of P λ for each value of r and are marked with vertical grid lines. Horizontal grid lines denote limit r → ∞ values:
r − = r 0 , for which purity simplifies to
In Figure 8 we represent purity P λ and its fluctuations as a function of r 0 for different values of λ. We see that P λ is minimum (maximum interlayer entanglement) at r 0 = 1 for all values of λ (the vertical grid line indicates this value of r 0 for which maximum interlayer entanglement is attained). Purity fluctuations also display a local minimum at r 0 = 1. Actually, as already noticed in eq. (41), purity is invariant under inversion P λ (r 0 ) = P λ (1/r 0 ), with r 0 = 1 a fixed point. We also appreciate that interlayer entanglement attains its maximum (zero purity) in a wide neighborhood of r 0 = 1 for high values of λ, this making entanglement robust under perturbations (purity fluctuations are also negligible in this limit in the region around r 0 = 1). The horizontal grid line indicates the pure-state purity, which is attained at r 0 = 0 [with CS (22) ] and when r 0 → ∞ [with CS (23) ]. Now we shall compare the particular case r + = r − = r 0 with the spin-frozen case with pseudospin s, for which CS are given by the expression (21) . Taking now ̺ = |z z|, the RDM ̺ b = tr a (̺) is diagonal
This expression coincides with the result of Ref. [20] for entanglement of spin CS arising in two-mode (a and b) Bose-Einstein condensates; see [21] for other results on entangled SU (2) CS and [22] for a review on this subject. 
This function is also inversion invariant p s (r) = p s (1/r). We see that the purity p s for the spin-frozen case does not coincide with the purity P λ for the spinning case in eq. (43), although Figure 9 displays a similar qualitative behavior of p s (r) with respect to P λ (r) in Figure 8 . The horizontal grid line indicates the pure-state purity, which is now attained at r = 0 [|z 0 = |k = −s ] and when r → ∞ [|z ∞ = |k = s ].
The difference between P λ (r) and p s (r) indicates that spin degrees of freedom play a role in the interlayer entanglement by, for example, making it more robust than in the spin-frozen case, as commented before. Indeed, on the one hand, maximum interlayer entanglemet (zero purity) is attained for high values of λ in a wide interval of the tunneling interaction strength arround r 0 = 0. On the other hand, purity fluctuations are also negligible inside this tunneling interaction strength region. 
V. CONCLUSIONS AND OUTLOOK
We have studied interlayer imbalance and entanglement (and its fluctuations) of coherent states |Z in the state space (at one Landau site) of the BLQH system at ν = 2/λ. These coherent states are labeled by 2 × 2 complex matrices Z in the 8-dimensional Grassmannian G 2 = U (4)/U (2) 2 and generalize the standard (pseudo-)spin coherent states |z labeled by complex points z ∈ S 2 = U (2)/U (1) 2 (the Riemann sphere). The interplay between spin and pseudospin (layer) degrees of freedom introduces novel physics with regards the spin-frozen case, specially making interlayer entanglement more robust.
Other u(4) generators mean values Z|T µν |Z (and their powers) can also be calculated, which could be specially suitable to analyze the phase diagram of BLQH Hamiltonian models undergoing a quantum phase transition (like the well studied spin-ferromagnet and pseudospin-ferromagnet phases at ν = 1). This is the spirit of Gilmore's algorithm [23] , which makes use of coherent states as variational states to approximate the ground state energy, to study the classical, thermodynamic or mean-field, limit of some models (see e.g. [24] for U (3) coherent states and rovibrational entanglement in shape phase transitions of molecular benders). This is work in progress.
Also, other bipartite entangled BLQH systems (namely, spin-pseudospin [8] ) might also be considered which could be of interest in quantum information theory. We must say that entangled (usually oscillator and spin) coherent states are important to quantum superselection principles, quantum information processing and quantum optics, where they have been produced in a conditional propagating-wave realization (see e.g. [22] for a recent review on the subject).
